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Abstract. A computational multiphysics model for an electrically actuated clamped circular plate is developed. The Galerkin approach is used in order to transform the continuous model into a system having finite degrees of freedom. The discretized system is solved using the harmonic balance method (HBM) coupled with the asymptotic numerical method (ANM). The effects of the electrostatic excitation on the CMUT frequency responses are investigated for two set of design parameters. This model is an effective tool for MEMS designers to enhance the performances of CMUTs in term of generated acoustic power.

INTRODUCTION
Recently, Capacitive Micromachined Ultrasonic Transducers (CMUTs) have attracted the attention of scientists and engineers and they are used in many applications such as generating 2D and 3D ultrasound images [1, 2] , nondestructive evaluation [3] and developing capacitive pressure sensors [4] . Capacitive actuators have been used more extensively than piezoelectric ones due to their low mechanical impedance. Moreover, CMUTs can be produced with semiconductor fabrication techniques and they can be built on an Integrated Circuit (IC) while, for piezoelectric transducers, direct integration to IC is generally difficult. Another important benefit of CMUTs is the possibility to sustain to high temperatures which makes them suitable for high temperature applications such as automobile exhaust gas monitoring.
CMUTs are composed of two micro plates where the bottom electrode is fixed while the top electrode is vibrating. The distance between the two electrodes is called cavity. The vibration of the top electrode is due to the combination of the two electrostatic forces: a DC voltage deflects the microplate downward, and an AC voltage added to the bias voltage causing the vibration of the membrane which produces ultrasound waves. Several CMUT geometries have been proposed in the literature and Mendoza-Lopez et al. [5] proved that a circular CMUT has the highest displacement for the same voltage excitation.
Precise modeling of CMUTs is very important to build an optimized design and to understand its behavior. Among several modeling techniques, the Finite Element Method (FEM) is the most used one for CMUTs dynamics investigations [6, 7] or mathematical model validation [8] . Mason [9] suggested an equation of motion that describes the CMUT model assuming that the deflections at the operating point are small. Based on these equations, Ahrens et al. [10] used an equivalent electrical circuit for model simulations. Vogl et al. [11] developed an analytical reduced-order model for an electrically actuated clamped circular plate, taking into account the external forces and the residual stress. After determining the equation governing the plate, they studied the frequency response of the CMUT using the multiple scale method on the discretized model.
In this paper, a computational model for the nonlinear oscillations of circular CMUTs under primary resonance is developed. The continuous model includes Von Karman and electrostatic nonlinearities. The modal decomposition is used to transform the nonlinear partial differential equation into a finite degrees of freedom system which is numerically solved using the harmonic balance method (HBM) coupled with the asymptotic numerical method (ANM). Several numerical simulations have been performed in order to investigate the influence of design parameters on the frequency response of the considered MEMS. It is shown that the model enables the capture of all the nonlinear phenomena of the CMUT dynamics and describes the competition between the hardening and the softening behaviors. In practice, the proposed model can be used by CMUT designers in order to tune the impact of nonlinearities on the device performances.
PROBLEM FORMULATION
equations of motion
We consider a clamped circular microplate depicted in Figure 1 , actuated by a static electric forceṼ dc and an harmonic oneṼ ac cos(Ωt). In this section, the model developed by Vogl and Nayfeh [11] is used. It describes the nonlinear dynamics of a circular, homogeneous and isotropic plate, using the following coupled partial differential equations: 
the tilde denotes a dimensional quantity,w is the downward deflection,c is a damping coefficient, ρ is the material mass density, h is the microplate thickness,Φ is the stress function, E is Young's modulus, D is the plate flexural rigidity defined as D =
, ν is the Poisson's ratio, d is the effective gap distance between the top and bottom electrodes, ε 0 is the electric permittivity of the gap medium between the plate and electrode,τ is the residual stress,F is an additional downward pressure, andṽ (t) is the applied voltage. The boundary conditions of the vibrating circular plate are:
Normalization
We nondimensionalize the general equations according to:
The resulting dimensionless equation can be written as:
where β is a nondimensional parameter defined as:
The nondimensional boundary conditions of the system are:
Reduced order model
The Galerkin procedure is used in order to transform Equations (5) and (6) into a system of finite number of ordinary-differential equations by letting
where ϕ m (r) is the m th shape function, η m (t) is the m th generalized coordinate, and N is the number of retained modes. Due to the symmetry of the problem, only the symmetric modes are considered. Following Nayfeh [12] , the shape functions for a clamped circular plate actuated by symmetric forces can be written as:
where J 0 and I 0 are respectively the first kind Bessel function and the modified Bessel function. The mode shapes are chosen orthonormal:
Substituting Equation (9) into Equations (5) and (6), multiplying by (1 − w) 2 rϕ q (r) and integrating the resulting equation over r ∈ [0, 1], we obtain the following nonlinear system which is defined in the appendix.
where M (η) and N (η) are N × N nonlinear matrices and P (η) is N × 1 nonlinear vector defined in the appendix, η (t) = {η 1 (t) , η 2 (t) , . . . , η N (t)} is a N × 1 vector containing the generalized coordinates.
SOLVING PROCEDURE
Vogl and Nayfeh [11] used the multiple scale method to analyze the CMUT primary resonance associated to the first bending mode. Nevertheless, the obtained solutions are only valid for a low level of nonlinearity. Therefore, we propose a computational solving procedure based on the harmonic balance method (HBM) coupled with the asymptotic numerical method (ANM), for which the solutions are valid up to very large displacement compared to the gap. This technique, proposed by Cochelin and Vergez [13] , gives the periodic solutions of a dynamical system when a control parameter is varied. A periodic forced system could be written in the following form:
where Y is a vector of unknowns, f a smooth vector valued function and λ a real parameter. The over-dot denotes differentiation with respect to time variable t. We applied the harmonic balance method on the system to decompose the solution Y (t) into a truncated Fourier series.
Substituting Equation (14) into Equation (13), we obtain an algebraic system with 2H + 1 vector of unknowns Y i , the unknown pulsation ω, and the parameter λ. The components of the Fourier series are collected into column vector U that contains all the unknowns Y i with a size (2H + 1)
where N eq is the number of equations in Equation (13) . The latter is transformed into a quadratic one with (2H + 1)N eq and can be written as:
where
), C, L(.) and Q(., .) are operators which depend on m(.), c, l(.) and q(., .).
Once the algebraic system is obtained, we solve it using the asymptotic numerical method (ANM). To do so, Equation (15) is reformulated as:
As a first step, only the first bending mode is considered (N = 1). Equation (12) is reduced to:
Equation (17) describes the dynamic behavior of the CMUT when considering only the first bending mode. In its quadratic form, Equation (17) can be written as:
where X = (a, y, z, m, n, V ) is the unknown vector of size N e q = 6. Equation (19) is then implemented in MANLAB, an object-oriented MATLAB program which solves a quadratic system using the ANM [13] . 
RESULTS AND DISCUSSION
In this section, several numerical simulations have been performed for two set of design parameters listed in Table 1 in order to investigate the effects of DC and AC voltages on the CMUT frequency responses under primary resonance.
For the first design, the ratio between the gap and the plate thickness is d/h = 2. Consequently, high DC voltages are needed to reach softening nonlinear behaviors. This is illustrated by Figure 2 which displays the evolution of the CMUT frequency response with respect to V dc for V ac = 2V . Since the excitation term is proportional to V dc , increasing the DC voltage leads to an augmentation of the out-of plane displacement of the micro-plate w(r, t). Moreover, the resonance frequency decreases due to the negative stiffness term which is proportional to V 2 dc . Remarkably, at a critical V dc , the CMUT frequency response becomes nonlinear and the curve bends to the left (softening) due to the amplification of the electrostatic nonlinear terms.
Unlike the effect of V dc on the CMUT frequency response, the variation of the AC voltage has a significant impact on the excitation amplitude and a negligible one on the negative electrostatic stiffness. Consequently, the resonance curves become more nonlinear when increasing V ac without any remarkable frequency shift. This phenomena is displayed in Figure 3 for V dc = 50V where the frequency response exhibits a hardening behavior for 3V ≤ V ac ≤ 6V , since the geometric nonlinearities dominate the CMUT dynamics. Interestingly, for V ac = 7V , the comDesign effective gap distance plate thickness plate radius quality factor 1 1µm 2µm 60µm 50 2 2µm 1µm 60µm 50 Table 1 : Design parameters of considered CMUTs petition between mechanical and electrostatic nonlinearities gives rise to a mixed hardeningsoftening behavior [14, 15, 16, 17] for which the displacement at the membrane center exceeded 60% of the gap.
The second design in Table 1 presents a larger gap with respect to the membrane thickness. Since the excitation amplitude is proportional to g −2 and compared to the first CMUT design, high DC voltages are needed in order to reach the softening behavior for V ac = 3V as shown in Figure 4 . Moreover, the variation of the spring softening effect with respect to V dc is slightly remarkable. Finally, Figure 5 displays the same phenomena described for the first design when V ac is increased from 3V up to 11V and V dc = 100V for which the displacement at the membrane center is below 45% of the gap.
CONCLUSION
In this paper the nonlinear dynamics of circular CMUTs under primary resonance was investigated. The mathematical model, that takes into account the electrostatic and mechanical nonlinearities, is transformed into a set of coupled nonlinear ordinary differential equations using the Galerkin procedure. The harmonic balance method was then used to decompose the obtained system into a quadratic one which has been solved using the asymptotic numerical method. It has been shown that the DC voltage has a direct impact on the resonance frequency and the hardening or softening nonlinear effects while V ac affects mostly the shape of the resonance curves. Moreover, depending on the chosen actuation voltages and the design parameters, the frequency response can switch between hardening, softening and mixed behaviors. In practice, the developed computational model can be used by MEMS designers to improve the performances of CMUTs in several applications such as High Intensity Focused Ultrasound (HIFU) in cancer therapy. 
APPENDIX
The reduced order model presented in this paper is defined as: 
